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Reconstructing the heating conditions experienced by spacecraft during atmospheric entry often requires the use

of inverse heat transfer (IHT) techniques. Current IHT techniques, however, demand substantial computational

resources and are impractical for analyses such as uncertainty quantification and real-time health monitoring. In

this work, a Green’s function IHT approach is developed to efficiently recover atmospheric entry heating conditions

from thermal protection system (TPS)-embedded temperature probe measurements. A multiparameter Cole–Hopf

transformation is proposed to render the heat conduction equation for pyrolyzing solids compatible with the

Green’s function formalism. The algorithm is validated using arc-jet test data and is used to reconstruct the

atmospheric entry heating conditions on the Mars 2020 backshell. The performance of the algorithm is

benchmarked against the state-of-the-art IHT framework FIAT_Opt. Notably, the approach recovers the

incident heat flux from the aeroheating environment to within 6% of FIAT_Opt in over two orders of

magnitude less time. The efficiency of the algorithm is leveraged to compute the uncertainty contributions of

input parameters to the total uncertainty of the reconstructed Mars 2020 backshell heating conditions. The

sensitivity analysis uncovers that uncertainties in the TPS specific heat, thermal conductivity, and emissivity are

dominant drivers of the reconstruction uncertainty at different times during atmospheric entry.

Nomenclature

A = Cole–Hopf transformation constant
CH = film coefficient, kg∕�m2 ⋅ s�
Cp = specific heat, J∕�kg ⋅ K�
e = specific internal energy, J∕kg
f1; f2 = Cole–Hopf transformation functions

f̂ = Galerkin basis functions

G = Green’s function, 1∕m
g�x; t� = internal source term, W∕m3

h = specific enthalpy, J∕kg
k = thermal conductivity, W∕�m ⋅ K�
L = thickness, m
_m = mass flux, kg∕�m2 ⋅ s�
N = basis function order
Nt = number of measurement sample points
Nx = number of integration points for numerical quadrature
q = heat flux, W∕m2

T = temperature relative to initial conditions or a reference
temperature, K

~T = absolute temperature, K

~Ts
= absolute surface temperature, K

t = time, s
x = position coordinate, m
x0 = dummy position coordinate, m

α = thermal diffusivity, m2∕s
β = Cole–Hopf transformation parameter
ϵ = emissivity
θ = transformed temperature
Λn;n = eigenvalues

μ = mean
ξ = transformed position coordinate
ρ = density, kg∕m3

σ = standard deviation
σSB = Stefan–Boltzmann constant, W∕�m2 ⋅ K4�
τ = dummy time variable, s
ϕ = porosity
ϕn = eigenfunctions
χ = char volume fraction
ψn = eigenvectors

Subscripts

ad = adhesive
c = char
conv = convective
g = pyrolysis gas
HW = hot-wall
inc = incident
rad = radiative
sub = substructure
TPS = Thermal Protection System
v = virgin
0 = initial or reference condition

I. Introduction

R ECONSTRUCTIONS of the heat loads experienced by atmos-
pheric entry spacecraft are critical to validate computational

models, evaluate the performance of thermal protection systems
(TPS), and probe high-speed aerothermodynamic phenomena. To this
end, recent space exploration missions have featured extensive thermal
instrumentation suites embedded in the TPS, including direct heat flux
sensors, radiometers, thermocouple plugs with one or more temper-
ature probes embedded at various depths, and discrete temperature
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sensors [1–3]. Most commonly, postflight analyses of atmospheric
entry heating have leveraged subsurface temperature probe measure-
ments within inverse heat transfer (IHT) methods, where the surface
heat flux boundary condition is recovered using the measured in-depth
temperature time history and the knownmaterial properties of the TPS
[4]. While often numerically complex, IHT methods are essential to
recover the heating conditions that best represent those experienced by
the TPS, which may be strongly influenced by contributions from
radiative emission, convection from subsurface decomposition prod-
ucts, or gas–surface interactions with the boundary layer [5]; critically,
these contributions are not captured by measurements from direct heat
flux sensors [6], which often must be passively cooled due to stringent
design limitations [3]. IHT methods are also applicable to a wider
range of space exploration missions due to the more pervasive use of
temperature sensors embedded in TPS and can be implemented
retroactively to analyze atmospheric entry heating for any space
exploration mission that featured in-depth temperature measurements
[7]. Furthermore, IHT methods can be utilized in ground testing
applications to characterize the heating conditions on a test article
whose surface is neither in an adiabatic nor an isothermal state and
cannot be inferred directly from reference cold-wall calorimeter mea-
surements [8]. These advantages, by and large, motivate the develop-
ment of IHT techniques purpose-built for the reconstruction of
atmospheric entry aeroheating.
Current IHT methods used to reconstruct the heating conditions

on spacecraft during atmospheric entry typically rely on high-
fidelity multiphysics simulations embedded within a nonlinear
objective function minimization framework. The two most prevalent
algorithms used by the atmospheric entry community are FIAT_Opt
[4] and INHEAT [5,9]. FIAT_Opt leverages the Fully Implicit
Ablation and Thermal Analysis program (FIAT) [10], developed
at NASA Ames, within a Gauss–Newton or Levenberg–Marquardt
optimization routine. INHEAT leverages the CHarring Ablator
Response code (CHAR) [11], developed at NASA Johnson,
embedded in an adaptation of the function specification method
[12]. Both approaches have been developed in the past 12 years,
either within the scope of the Artemis program (INHEAT) or for
interplanetary space exploration (FIAT_Opt). Notably, FIAT_Opt
(and its underlying methodology [13]) has been used to reconstruct
the heat loads on the Mars 2020 [4] and Mars Science Laboratory
[14] atmospheric entry spacecraft.
Both IHT methods, however, demand substantial computational

resources. This cost is rooted in the complex material response
behavior of ablative TPS, which drives the use of well-established
multiphysics codes, such as FIAT and CHAR, in the IHT formu-
lation. These codes employ a spatially discretized mesh and implicit
time-marching finite volume or finite element schemes, which
increase the computational overhead of the IHT problem in two
ways: I) although the objective function to be minimized only
considers the thermal response at the temperature measurement
location, the whole-domain solution is required at each time step,
and II) the solution must be calculated using iterative nonlinear
optimization routines, which require the evaluation of local objec-
tive function gradients—i.e., the change in the objective function
with respect to change in the surface heat flux boundary condition—
for each iteration [5]. The main implication of the latter is that, for
nonlinear material systems, many (>1000) individual simulations
may be needed to converge on a single heat flux solution [4].
Generally, these drawbacks persist in all iterative IHT algorithms
that rely on mesh discretization and time-marching schemes [15–17]
but are exacerbated in approaches tailored for ablative TPS materials
due to the comparatively large cost of single solution evaluations.
The Green’s function approach offers a computationally efficient

framework well-suited to address the drawbacks associated with
current IHT methods for atmospheric entry applications. In contrast
to the prevailing time-marching IHT methods [4,5], the mesh-free
Green’s function approach models the material response only at a
single location (i.e., the temperature measurement location) but
for the entire time series at once [18]. Green’s function-based
approaches, thus, often require substantially less computational
overhead than other IHT methods. Green’s functions have been

leveraged extensively in the aerothermodynamics community to
efficiently model heat conduction phenomena in ground test articles
to probe boundary-layer phenomena, with prior art including algo-
rithms that can accommodate multilayered structures [19] and non-
linear temperature measurement phenomena [20]. Critically, recent
adaptations of the Green’s function formulation to material systems
with temperature-dependent thermal properties have demonstrated
that the approach can be applied to more complex IHT problems
[19,21], with amenability for the class of ablative materials used on
entry spacecraft.
In this work, a Green’s function IHT approach is developed to

reconstruct the heat loads experienced by spacecraft during atmos-
pheric entry. The Green’s function formalism is adapted to model
the effects of nonlinear heat conduction phenomena in ablative TPS
materials, such as pyrolysis and internal gas transport, for accurate
reconstruction of the surface heating conditions. The approach is
verified using open-source material response codes and validated using
measurements from the Panel Arc-Jet Test Facility (PTF) at NASA
Ames. The algorithm is then used to reconstruct the heating conditions
on the Mars 2020 backshell during atmospheric entry and characterize
the reconstruction uncertainty contributions from model system input
parameters via a full-flight variance-based sensitivity analysis.

II. Reconstruction Algorithm

The objective of the reconstruction algorithm is to recover the
TPS surface heating conditions using the temperature time history
from a probe embedded in the TPS. The approach consists of three
steps. First, a Green’s function formulation is developed to effi-
ciently model the transient heat conduction within the TPS at the
temperature measurement location. Due to the strong temperature
and composition dependence of the thermophysical properties of
pyrolyzing TPS materials, the governing heat conduction equation
is pretreated with a multiparameter Cole–Hopf transform to render
it compatible with the Green’s function formalism. In the second
step, the Green’s function representation of the TPS thermal
history is inverted to recover the net hot-wall heat flux absorbed
at the TPS surface. In the third step, the reconstructed net hot-wall
heat flux is used to calculate the TPS surface temperature and char
state to predict the heat flux solely from the external aeroheating
environment.
The reconstruction algorithm is developed for the multimaterial

one-dimensional (1D) model system shown in Fig. 1. The model
system is representative of common TPS stack-up configurations
flown on entry spacecraft and consists of an ablative TPS, an
adhesive layer, and a substructure with thicknesses of L, Lad, and
Lsub, respectively. The adhesive and substructure domains do not
decompose and are modeled using constant thermal properties. The
origin of the coordinate system (x � 0) is set at the interface
between the TPS and the adhesive. The temperature probe is
embedded in the TPS at a depth of L − xT . The external surface
of the TPS is exposed to the aeroheating environment, which results
in a net hot-wall heat flux qHW conducted into the solid. The internal
surface of the stack-up is modeled as insulating.

Fig. 1 One-dimensional model system schematic. The temperature
measurement is sampled from a probe embedded in the TPS at xT.
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A. Green’s Function Formulation for Ablative TPS

1. Heat Conduction in Pyrolyzing Solids

The temperature distribution within the TPS solid is governed by
the heat conduction equation:

ρsCp� ~T; χ�
∂ ~T
∂t

−
∂
∂x

k� ~T; χ� ∂
~T

∂x
� g�x; t� (1)

In Eq. (1), ρs, Cp, and k represent the TPS material density, specific

heat, and thermal conductivity, respectively. The parameter ~T rep-

resents the absolute temperature, and χ represents the char volume
fraction, defined as a function of density:

χ � ρs − ρv
ρc − ρv

(2)

where the subscripts v and c correspond to fully virgin and fully

charred material properties, respectively. Effective thermophysical

properties are interpolated between virgin and char states, as per [11]

Cp� ~T; χ� � �1 − χ� ρv
ρs

Cp;v� ~T� � χ
ρc
ρs

Cp;c� ~T� (3)

k� ~T; χ� � �1 − χ� ρv
ρs

kv� ~T� � χ
ρc
ρs

kc� ~T� (4)

The inhomogeneous source term on the right-hand side of Eq. (1)

is included to capture the effects of volumetric energy generation
phenomena, such as decomposition and internal convection.

Adapted from [22,10],

g�x; t� � hg −
ρchc − ρvhv
ρc − ρv

∂ρs
∂t

−
∂
∂t
�ϕρgeg� − _mg

∂hg
∂x

(5)

The first term on the right-hand side of Eq. (5) represents the net rate
of enthalpy change as the virgin TPS decomposes into a mixture of

solid char and pyrolysis gas, where hg, hv, and hc represent the

specific enthalpy of the pyrolysis gas, fully virgin solid, and fully

charred solid, respectively. The solid decomposition rate ∂ρs∕∂t is
modeled using a set of Arrhenius rate equations as per [22,10],

detailed in the Appendix. The second term on the right-hand side of

Eq. (5) captures the rate of change of the internal energy of the

pyrolysis gas eg, where ϕ represents the porosity of the solid. The

third term on the right-hand side of Eq. (5) accounts for the effects of

pyrolysis gas convection, where _mg is the mass flux of the pyrolysis

gas toward the TPS surface. The pyrolysis gas mass flux is approxi-

mated by considering mass conservation of the gas phase:

∂ρg
∂t

� ∂ _mg

∂x
� −

∂ρs
∂t

(6)

Assuming quasi-steady flow toward the surface,

_mg �
x

0

∂ _mg

∂x 0 dx 0 � −
x

0

∂ρs
∂t

dx 0 (7)

Pyrolysis gases that are transported through the TPS are assumed to
be in local thermal equilibrium with the surrounding solid.
Thermodynamic properties of the pyrolysis gas phase (i.e., den-

sity, enthalpy, and internal energy) are calculated as a function of

temperature but at constant pressure. Naturally, the production of
pyrolysis gases in the TPS will produce pressure gradients, which

drive gaseous species toward the surface and, in higher dimensions,

other regions of the TPS. Resolving these pressure gradients, how-

ever, requires an accounting of momentum conservation in the gas
phase. For 1D systems, this level of fidelity is only expected to

marginally improve the accuracy of the reconstruction algorithm,

but with substantial added effort. Thus, momentum conservation of

the gas phase will not be considered in this work.

Finally, it should be noted that Eq. (1) is defined for a fixed
coordinate system and geometry and, thus, does not consider reces-
sion of the TPS. During atmospheric entry, accurate modeling of the
TPS recession behavior requires detailed a priori knowledge of the
external entry environment and boundary-layer composition; thus,
the IHT problem would become underdefined. For this reason,
recession is typically neglected even when using state-of-the-art
IHT codes for postflight analysis [4]. While not necessarily accurate
for Earth entry applications, neglecting recession is a valid approxi-
mation for many high-profile space exploration missions that will
either descend into nonoxidizing environments (e.g., Dragonfly or
Uranus Orbiter and Probe) or have coatings that greatly inhibit TPS
recession (e.g., polysiloxane coatings on the forebody heat shields
of Mars 2020 and Mars Science Laboratory [23,24]). For recon-
structions of backshell heating conditions, the assumption of negli-
gible surface recession is generally valid based on the heat rates
these areas are expected to experience [4]. Thus, the level of fidelity
captured by Eqs. (1) and (5) is applicable to a wide range of mission
architectures of interest to the space exploration community.

2. Pretreatment of the Governing Heat Conduction Equation

To model the material response of the TPS via the Green’s
function framework, Eq. (1) must be linearized. To eliminate the
nonlinear terms produced by expansion of the divergence term on
the left-hand side of Eq. (1), a multiparameter Cole–Hopf transform
is introduced:

fT; χg � ff1�θ�; f2�f1�θ��g (8)

In Eq. (8), T represents the temperature change from an initial

reference temperature T � ~T − ~T0, and θ is introduced as a trans-
formation variable (hereafter referred to as the transformed temper-

ature). The transformation in Eq. (8) must satisfy the following
condition:

k
∂2f1
∂θ2

� ∂k
∂f1

∂f1
∂θ

2

� ∂k
∂f2

∂f2
∂f1

∂f1
∂θ

2

� 0 (9)

which arises after substituting Eq. (8) into Eq. (1) and expanding.
Equation (9) is itself a chain-rule expansion of the following homo-
geneous differential equation:

d

dθ
k� ~T; χ� ∂f1

∂θ
� 0 (10)

which is integrated to yield

k� ~T; χ� ∂f1
∂θ

� A (11)

In Eq. (11), A is an arbitrary constant. Equation (11) defines the
required behavior for the transformation between T and χ, and θ. To
accommodate the linear transformation from ~T to T, the thermal

conductivity k� ~T; χ� is defined relative to a reference thermal con-

ductivity value k0 � k� ~T0; 0� as a function of the temperature
change T:

k� ~T; χ� � k0 � kT�T; χ� (12)

It is important to recognize from Eq. (11) that f1, and the

associated inverse transformation θ � f−11 �T�, has no closed-form

solution, which is in contrast to the conventional Cole–Hopf trans-
formation, where only the temperature dependence of the thermal
conductivity is considered [21,25]. Instead of defining f1 and f2
explicitly, it is preferred to define an approximate inverse trans-
formation:

θ � 1

A
1� β

ρc
ρs

χ
T

0

�k0 � kT�T 0; 0�� dT 0 (13)
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where β is a constant that best satisfies the condition in Eq. (11) for a
local temperature time history. The procedure used to determine β is
detailed in the Appendix. In the limit as β → 0, Eq. (13) reduces to a
single-parameter Cole–Hopf transformation defined for the virgin

TPS. Thus, Eq. (13) can be considered a modification of the virgin

material single-parameter Cole–Hopf transformation, scaled using

the term enclosed in parentheses to capture the effects of decom-

position. Uniqueness of the transformation from θ to T and χ is

obtained by marching forward in time starting from initial condi-

tions, using the solutions of T and χ from the previous time step as

initial guesses, and is aided by the strong dependence of χ on the

local temperature time history and the irreversible behavior of the

TPS decomposition reaction.
As a result of the multiparameter Cole–Hopf transform, the trans-

formed heat conduction equation becomes

1

α� ~T; χ�
∂θ
∂t

−
∂2θ
∂x2

� g�x; t�
A

(14)

To fully linearize Eq. (14), the thermal diffusivity α� ~T; χ� is

expanded relative to a reference value α0 � α� ~T0; 0� as a function

of the temperature change T:

α� ~T; χ� � α0 � αT�T; χ� (15)

which, after substituting into Eq. (14) and rearranging, yields the

following linear, inhomogeneous partial differential equation:

1

α0

∂θ
∂t

−
∂2θ
∂x2

� g 0�x; t�
A

(16)

In Eq. (16), all nonlinear effects due to temperature- and

composition-dependent thermophysical properties and pyrolysis

are captured either within the multiparameter Cole–Hopf transfor-

mation or the virtual source term g 0, where

g 0�x; t�
A

� αT�T; χ�
α0

∂2θ
∂x2

� α0 � αT�T; χ�
α0

g�x; t�
A

(17)

3. Green’s Function Solution Equation

Once pretreated into the form given by Eq. (16), the solution to

the governing heat conduction equation at the temperature probe

location can be accessed via the Green’s function solution equation

[18,20,21]. Within the Green’s function formalism, the transformed

TPS temperature is represented as a sum of two integrals:

θ�x; t� � −
t

0

α0
A
qHW�τ�G�x; t; L; τ� dτ

�
t

0

L

0

α0
A
g 0�x0; τ�G�x; t; x0; τ� dx0 dτ (18)

The first integral term on the right-hand side of Eq. (18) captures the

contributions of the net hot-wall heat flux conducted into the TPS

qHW, where G represents the Green’s function of the TPS domain

and A is the constant defined in the multiparameter Cole–Hopf

transform [Eq. (11)]. Within the multiparameter Cole–Hopf trans-

formation, qHW is related to ∂θ∕∂x at the surface via

qHW � −A
∂θ
∂x

(19)

which is analogous to Fourier’s law. The second integral on the

right-hand side of Eq. (18) captures the effects of pyrolysis, internal

gas transport, and nonlinear thermophysical properties. It should be

noted that, while the 1D model system (Fig. 1) contains additional

domains for the adhesive layer and substructure, these components

do not pyrolyze and are modeled using constant material properties;

thus, they are not included in the volumetric integral in Eq. (18).

In this work, the TPS domain Green’s function G�x; t; x0; τ� is
constructed using a finite sum of eigenfunctions approximated with

the Galerkin method. Adapted from [18,21],

G�x; t; x0; τ� �
N

n�1

k0
α0

ϕn�x�ϕn�x0�e−Λn;n�t−τ� (20)

In Eq. (20), Λn;n represents the eigenvalue accompanying each TPS-

domain eigenfunction ϕn. The eigenfunctions correspond to those

that form the homogeneous solution of Eq. (16), where each ϕn is

approximated using an N-ordered set of scaled basis functions f̂ :

ϕn �
N

j�1

ψ j;nf̂j (21)

In Eq. (21), basis functions f̂j are required to satisfy the homo-

geneous boundary (e.g., an adiabatic internal surface) and interface
continuity conditions of the model system. Basis functions are

scaled by the eigenvector ψn accompanying each eigenfunction
ϕn. Eigenvalues Λn;n and eigenvectors ψn in Eqs. (20) and (21)

are calculated using the approach described in [19]. It should be

noted that, due to the linearization of the governing heat conduction
equation into the form of Eq. (16), eigenvectors and eigenvalues are
calculated only once, typically after the model system, material

properties, and reference temperature are defined. Thus, the con-
struction of the TPS Green’s function accounts for a minimal
portion of the total reconstruction cost.
Finally, it is important to emphasize that, while the eigenvalues

and eigenvectors are defined globally for the entire model system,

basis functions and, consequently, the eigenfunctions are defined
locally for each domain; in the TPS domain, the effects of the
adhesive layer and substructure on the TPS material response are

captured within the behavior of the basis functions f̂j, considering
continuity of temperature and heat flux across interfaces. Basis
functions for the multimaterial 1D model system (Fig. 1) are

detailed in the Supplemental Material.

B. Recovery of the Net Hot-Wall Heat Flux

In the second step of the reconstruction algorithm, the net hot-
wall heat flux is recovered from the Green’s function formulation of

the TPS thermal response. The net hot-wall heat flux is first isolated
from all other quantities in Eq. (18):

θ�x; t� − gtot�x; t� � −
t

0

α0
A
qHW�τ�G�x; t; L; τ� dτ (22)

where gtot�x; t� represents the integrated source term:

gtot�x; t� �
t

0

L

0

α0
A
g 0�x0; τ�G�x; t; x0; τ� dx0 dτ (23)

For measurements sampled at a finite rate, Eq. (22) is recast as a
discrete linear system [20]:

θ − gtot � −
α0
A
GqHW (24)

which is then inverted to solve for qHW.
Direct inversion of the linear system in Eq. (24), however, is ill-

posed and prone to instabilities if noise is present in the input

temperature measurement. These instabilities are usually mitigated
via regularization, where minimization of the solution residual is
balanced with the addition of a penalty function [26]. It is important

to note that, while the Green’s function formulation and choice of
regularization approach are not mutually dependent, the regulariza-
tion method must be chosen carefully so as not to adversely impact
the reconstructed heating solution. The most common regularization

approach used for IHT problems is Tikhonov regularization, where
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the penalty function minimizes the squared l2-norm of the solution
itself [27]. However, while Tikhonov regularization generally yields
high-quality reconstructed heating solutions [4], it does require
identification of optimal user-defined tuning parameters and, in
some instances, can oversmooth sharp solution features [26].
Alternatively, when data from a heat flux sensor in proximity to

the temperature probe is available, the sensor fusion approach
proposed in [28] can be leveraged to stabilize the inversion of
Eq. (24). Such sensor configurations were included on the backshell
of the Mars 2020 [1] and Dragonfly [29] entry spacecraft and on
many ground test articles [6]. The sensor fusion-based regulariza-
tion approach has been shown to preserve sharp solution features in
high-noise measurement scenarios and is generally less susceptible
to suboptimal choices of user-input regularization parameters versus
conventional techniques [28]. Thus, when applicable, the sensor
fusion approach will be the preferred method to stabilize the inver-
sion of Eq. (24).
When θ and gtot are well defined, the solution of qHW can be

accessed directly via the least-squares solution of Eq. (24). The
parameter gtot, however, is initially unknown and must be calculated
using iterative solutions of qHW. The iterative solution process is
shown schematically in Fig. 2. For each iteration of qHW, a Gaussian
quadrature scheme is used to approximate gtot by calculating the
integrand term in Eq. (23) at a small numberNx of discrete locations
ξi within the TPS [30,31]:

L

0

g 0�x0; τ�G�x; t; x0; τ� dx0 �
1

−1
g 0�ξ0; τ�G�ξ; t; ξ0; τ�

L

2
dξ0

≈
L

2

Nx

i�1

wig
0�ξi; τ�G�ξ; t; ξi; τ�

(25)

where wi are standard Gaussian quadrature weights and ξi are the
roots of the Nx-order Legendre polynomial. In Eq. (25), ξ is mapped
to x through transformation of the TPS domain from x ∈ �0; L� to
ξ ∈ �−1;1�. The components of g 0 at each integration point ξi are
derived from the local solutions of θ, ∂θ∕∂x, or ∂2θ∕∂x2, which are
efficiently calculated using Eq. (18), or its derivatives with respect to
x, evaluated at ξi. Note again that the Green’s function defined in
Eq. (20) is valid for all locations in the TPS. The local solution of θ
is transformed to yield T and χ via numerical inversion of Eq. (13).
At each integration point, ∂T∕∂x is computed using the Fourier’s
law analog defined by Eq. (19):

k� ~T; χ� ∂T
∂x

� A
∂θ
∂x

(26)

The quantities T, χ, and ∂T∕∂x are then used to compute all other
parameters in g 0 for each integration point. Lastly, it is worth noting
that, because T, χ, and ∂T∕∂x are all quantities that are calculated
using the reconstructed heat flux boundary condition, they can, in
theory, be calculated using any material response solver of choice.
In the current reconstruction algorithm, the Green’s function
approach was used to calculate the quantities in g 0 for efficiency
and to keep the algorithm self-contained.

C. Aeroheating Environment Reconstruction

In the final step of the reconstruction algorithm, the solution of
qHW is used to predict the heat flux absorbed by the TPS solely from
the aeroheating environment. At the surface, multiple heat transfer
mechanisms contribute to qHW via the surface energy balance:

qHW � qconv � αsqrad − ϵsσSB� ~T4
s − ~T4

∞� (27)

In the right-hand side of Eq. (27), the first term represents the
convective heat flux through the viscous boundary layer. The
second term represents the absorbed heat flux from the shock
layer radiation, where αs is the absorptivity of the TPS surface and
qrad is the total radiative flux incident on the TPS. The third term

represents the radiative emission from the TPS, where ϵs is the

emissivity of the TPS surface, σSB is the Stefan–Boltzmann con-

stant, ~Ts is the TPS surface temperature, and ~T∞ represents the

background temperature.
The heat flux imposed by the aerothermal environment during

atmospheric entry is represented by the sum of the first two terms on

the right-hand side of Eq. (27), which will be referred to hereafter as

the incident heat flux qinc. To recover qinc, qHW is corrected by the

radiative emission from the TPS surface, such that

qinc � qHW � ϵsσSB� ~T4
s − ~T4

∞� (28)

where the emissivity of the TPS depends on both temperature and

composition [11]:

Fig. 2 Flowchart for the reconstruction algorithm.
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ϵs� ~T; χ� � �1 − χ� ρv
ρs

ϵv� ~T� � χ
ρc
ρs

ϵc� ~T� (29)

The surface temperature ~Ts and char fraction are calculated via
Eq. (18) evaluated at the surface using the converged solution
of qHW.

D. Computation Cost

The total cost of the reconstruction algorithm is sensitive to the size
of the measurement time series Nt and the order of the numerical
integration scheme Nx used to approximate gtot. In the limiting case,
when the effects of pyrolysis and nonlinear material properties are
negligible, the total algorithm cost is dominated by the least-squares
solution of qHW in Eq. (24). This operation is purely sensitive to Nt.
As pyrolysis effects become more significant, the iterative solution of
qHW begins to drive the total reconstruction cost, notably due to both
the calculation of g 0 for Nx integration points, as well as the least-
squares solution of qHW for each iteration. Nonetheless, most steps in
the reconstruction algorithm consist of basic matrix operations that can
be efficiently solved with minimal computing resources. For the
reconstruction of the Mars 2020 atmospheric entry heating conditions
(Sec. IV.B), which considers an input measurement time series with
Nt � 600 sample points and an Nx � 14 order numerical integration
scheme, the reconstruction algorithm routinely converges in less than
8 s with fewer than 10 iterations using MATLAB™ on a consumer-
grade laptop computer with access to up to 8 CPU cores. By com-
parison, conventional time-marching-based IHT methods generate
solutions for the same number of sample points in approximately
30 min using state-of-the-art computing clusters and significant code
optimization [4,5].

III. Numerical Verification

A computational verification test case was constructed to analyze
the accuracy of the reconstruction algorithm in an atmospheric entry
heating scenario. Using a simulated temperature probe measurement
in response to prescribed boundary conditions, the objective of the
reconstruction algorithm is to recover the TPS surface heating
conditions, surface temperature, and through-thickness material
response [i.e., components of g 0 in Eq. (17)] in close agreement
with results from a high-fidelity material response code, which will
be referred to as the reference solution. The heat shield stack-up and
associated parameters used in the verification test case are summa-
rized in Table 1. The TPS was modeled using the Theoretical

Ablative Composite for Open Testing (TACOT) material database
[32], with no surface recession. The adhesive was modeled as
HT424, and the substructure was modeled as aluminum with a
reduced density and thermal conductivity to emulate a honeycomb

configuration (34 kg∕m3). The temperature probe was placed in the
TPS domain at a depth of 0.254 cm from the external surface.
Initially, the system is held at a uniform temperature and pressure

of 300 K and 10 kPa, respectively. In the verification scenario, the
external surface of the TPS is exposed to a combined convective and
radiative heat pulse (Fig. 3a). Throughout the heat pulse, the film
coefficient CH and incident radiative heat flux qrad are modulated as
a sine wave. The pressure at the external surface of the TPS remains
fixed at 10 kPa and the bulk enthalpy is fixed at 1 MJ∕kg. The TPS-
embedded temperature probe measurement (Fig. 3b) and reference
surface heat flux, surface temperature, and through-thickness
material response solutions were calculated using the Porous
Material Analysis Toolbox based on OpenFOAM (PATO) [33]. In
the reconstruction algorithm, a basis function order of N � 12 was
used to construct Green’s function [Eq. (20)], and a numerical
integration order of Nx � 36 was used to evaluate gtot in the TPS
domain [Eq. (23)]. Because the heating conditions are smoothly
varying and the input measurements do not contain noise, Tikhonov
regularization was used to stabilize the solution [26].
The results of the verification test case are shown in Fig. 4.

Reconstructed net hot-wall and incident heating profiles are shown
in Fig. 4a, and the reconstructed surface temperature is shown in
Fig. 4b. In Fig. 4a, the blue line represents the net hot-wall heat flux
qHW, and the orange line represents the incident heat flux qinc
[Eq. (28)]. Reconstructed heat flux profiles using the Green’s func-
tion approach are shown as solid lines, and PATO-generated outputs
(i.e., the reference solution) are shown as dashed lines.
The reconstruction algorithm recovers the TPS surface heating

conditions in good agreement with the reference solution. The
approach is accurate to within 5% throughout the significant heating
region (t � 45 to 90 s), with errors of 2% for both the peak net hot-
wall and incident heat flux values. The surface temperature rise from
the initial conditions is reconstructed to within 1% of the PATO
reference solution.
The reconstructed through-thickness material response is com-

pared next against the reference solution to assess the algorithm’s
ability to capture global heat conduction and thermophysical phe-
nomena in pyrolyzing TPS materials. Figure 5 compares the
through-thickness temperature distribution (Fig. 5a) and decompo-
sition, represented as 1 − χ (Fig. 5b), for every third integration
point in the numerical solution of gtot. Similar to the reconstructed
surface heat flux and temperature, the through-thickness material
response is captured in excellent agreement with the reference
solution.

A. Numerical Integration Resolution

Due to the highly nonlinear behavior and numerical stiffness
of the TPS decomposition reaction, accurate reconstructions that

Table 1 Numerical verification heat shield stack-up parameters

Component Material Thickness, cm Note

TPS TACOT 3.0 No recession
Adhesive HT424 0.14 Constant properties
Substructure Aluminum honeycomb 1.27 Constant properties

b)a)
Fig. 3 Numerical verification inputs. a) Radiative (solid line) and convective (dashed line) boundary conditions imposed on the 1D model system.
b) Simulated temperature probe measurement.
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consider the effects of pyrolysis and internal convection require

adequate resolution of numerical integration points near the sur-

face. If the resolution of the numerical integration scheme is

coarse relative to the length scale of the decomposition front

(typically designated as the region where 0.02 < χ < 0.98), sharp

spatial variations in ∂ρs∕∂t can lead to large nonphysical oscil-

lations in the pyrolysis gas mass flux [Eq. (7)], negatively

impacting the reconstruction accuracy.

Figure 6 shows the reconstructed heating conditions (Figs. 6a–6d)

and pyrolysis gas mass flux at the TPS surface (Figs. 6e–6h) for four

b)a)

Fig. 5 Numerical verification results. a) Reconstructed through-thickness temperature. b) Reconstructed decomposition. The temperature probe is
located at x∕L � 0.915. Reference solutions are shown by the dashed lines.

a)

h)g)f)e)

d)c)b)

Fig. 6 Reconstructed solutions for various numerical integration orders Nx. a-d) Reconstructed surface heating conditions. e-h) Reconstructed
pyrolysis gas mass flux at the TPS surface. Reference solutions are shown by the dashed lines.

b)a)
Fig. 4 Numerical verification results. a) Reconstructed net hot-wall and incident heat flux. b) Reconstructed surface temperature. Reference solutions
are shown by the dashed lines.
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different values of Nx. Gaussian quadrature schemes generate exact

integral solutions for polynomials of order 2Nx − 1 or less [30,31].

Thus, the lowest value of Nx � 12 is the minimum numerical inte-

gration order that would yield an exact solution to the integral of the

Green’s function (approximated using a 22nd-order polynomial for

N � 12) in gtot, assuming no spatial variation in g 0.
Large oscillations are visible in the solution at the lowest quad-

rature order (Figs. 6a and 6e), which become progressively

smoothed as the resolution of the numerical integration scheme

increases. Beyond a numerical integration order of Nx � 36, rep-
resentative of the verification results shown previously, the recon-

structed heating conditions and material response become

insensitive to refinement. Solution times for the four reconstructions

shown in Fig. 6, calculated using a consumer-grade PC, are tabu-

lated in Table 2. The increase in computation time demonstrates

that, for the same-sized measurement time series, the total cost of the

reconstruction algorithm becomes highly dependent on the number

of integration points required to accurately calculate gtot.

B. Galerkin Basis Function Order

In prior work, the criterion for the minimum order N of the

Galerkin basis function set used to approximate the Green’s func-

tion was established using the dimensionless thermal penetration

depth [28]:

α0tm∕�L − xT�2 (30)

where tm is the characteristic time of the measurement time series.

Considering a characteristic measurement time equal to half of the

test scenario time (i.e., tm � 60 s), the parameter α0tm∕�L − xT�2
is equal to 13.4. From [28], it is expected that the Green’s function

approach will yield accurate solutions when N ≥ 5 under these

conditions. Reconstructed heating conditions for four different

values of the Galerkin basis function order N are shown in Fig. 7.

For all reconstructions in Fig. 7, a numerical integration order of

Nx � 36 was used.
The results in Fig. 7 are consistent with the criteria outlined in

[28]. For Galerkin basis function orders of N � 6 and above, the

reconstructed heating solutions are indistinguishable. However, in

contrast with the behavior of increasing the numerical integration

order, there is no significant increase in computation time when

increasing the Galerkin basis function order, as shown in Table 3. In

fact, for solutions using higher-order basis functions (N ≥ 9), the
computation time decreases due to faster convergence. Thus, as long
as the basis function order N is above the minimum threshold, the
precise choice of N is unlikely to have a considerable impact on the
solution quality and speed.
Overall, these numerical verification results demonstrate a first-

of-its-kind application of the Green’s function framework for
reconstructing the heating conditions on ablative TPS materials.
Subject to representative atmospheric entry heating conditions,
the approach is accurate to within 5% of the high-fidelity refer-
ence solution and can adequately capture the effects of decom-
position and internal convection on the material response.
Notably, the results highlight the versatility of the Green’s func-
tion formalism and position it well for adaptation to other highly
nonlinear material systems where conventional modeling tech-
niques become computationally expensive.

IV. Aeroheating Reconstruction Using Ground
Test and Flight Data

Experimental measurements were used to validate the Green’s
function reconstruction algorithm and benchmark its performance
against the current state-of-the-art inverse heat transfer code, FIA-
T_Opt. The data sets used were generated from both ground testing
and flight missions. These include measurements from arc-jet test
articles in the Panel Test Facility (PTF) at NASA Ames and from the
backshell of the Mars 2020 atmospheric entry spacecraft. In all
scenarios, measurements were sampled in regions with collocated
heat flux sensor and temperature probe instrumentation. Due to the
availability of collocated heat flux sensor and temperature probe
measurements, the sensor fusion regularization methodology [28]
was used to stabilize the reconstruction. In all reconstructions, a
Galerkin basis function order of N � 12 was used to construct the
Green’s function, and a numerical integration order of Nx � 14
was used to calculate gtot. The choice of N satisfies the criteria
outlined in [28], while the choice of Nx results in a resolution of
integration points sufficient to resolve the decomposition front
near the TPS surface.

A. Ground Test Validation

During the development and qualification of the Mars Entry,
Descent, and Landing Instrumentation 2 (MEDLI2) sensor suite
and TPS architecture used on the Mars 2020 spaceflight mission,

Table 2 Total computation time for
various numerical integration orders Nx

Nx Computation time, s

12 9.2
24 14.2
36 23.1
48 34.9

a) b) c) d)

Fig. 7 Reconstructed solutions for various Galerkin basis function orders N. Reference solutions are shown by the dashed lines.

Table 3 Total computation time for
various Galerkin basis function orders N

N Computation time, s

3 17.7
6 21.6
9 20.8
12 23.1
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numerous panel arc-jet tests were performed in the Panel Test
Facility at NASA Ames. PTF test campaign 162 consisted of four
SLA-561V panels instrumented with a thermocouple (TC) plug,
total heat flux sensor, and radiometer [6,34] (Fig. 8). The TC plug
and heat flux sensor were positioned in an arrangement analogous to
the collocated sensor pairs on the Mars 2020 backshell, separated by
a distance of 10 cm along the spanwise flow direction. The sensors
were sampled at a rate of 20 Hz (downsampled to 5 Hz in the
Green’s function reconstruction algorithm and 4 Hz in FIAT_Opt).
The TPS test panels were coated with a white thermal control spray,
except within a 5 cm radius of each heat flux sensor and TC plug, to
mimic the Mars 2020 backshell configuration. Nominal test con-
ditions are detailed in [34] and shown in Table 4. The first two tests
represent low heating conditions, whereas the latter two tests
represent high heating conditions.
Reconstructed heat flux profiles are shown in Fig. 9 for the low

heating (Figs. 9a and 9b) and high heating (Figs. 9c and 9d) test
conditions. Each figure displays the net hot-wall heat flux qHW
conducted into the solid and the incident heat flux qinc from the
arc-jet test environment [Eq. (28)], comparing the reconstructed heat
flux profiles using the Green’s function approach with those using
FIAT_Opt. The plots also indicate the target cold-wall and
adiabatic-wall heat flux values for each arc-jet test for comparison
with the reconstructed incident heat flux.
Multiple stages of the arc-jet test sequence are evident in the

heat flux profiles, including the tunnel startup, test article inser-
tion (including initial transients), steady test period, and test
article extraction phases (labeled in Fig. 9a). Most critical is the
performance of the reconstruction algorithm during the steady
test period, which begins at approximately t � 45 s and ends with
a drop in the incident heating upon test article extraction.
Throughout the steady test period, the net hot-wall heat flux
decreases with time for all test scenarios as the TPS surface
approaches an adiabatic-wall condition (qHW � 0). Across all
test scenarios, the reconstruction algorithm predicts the net hot-
wall and incident heat flux to within 12 and 6% of FIAT_Opt,
respectively. In the low heating scenarios, both methods predict
qinc within the target cold-wall and adiabatic-wall bounds during the
steady test period. In the high heating scenarios, both methods over-
predict the target cold-wall heating conditions, by up to 15% using
FIAT_Opt and up to 10% using the Green’s function approach.
It should be noted, however, that the stated uncertainty for the
calibrated PTF cold-wall heat flux is �15% [35]. Considering
expanded cold-wall bounds due to facility calibration uncertainties,
both reconstruction methods adequately predict the incident heating
conditions in the high heating scenarios.

The discrepancies between the incident heat flux calculated using
the Green’s function approach and FIAT_Opt are correlated with
differences in the reconstructed surface temperatures ~Ts, notably for
the high heating conditions. Figure 10 shows the reconstructed
surface temperature profiles for all four tests. In the low heating
conditions (Figs. 10a and 10b), the Green’s function approach
recovers the surface temperature to within 1% of FIAT_Opt during
the steady test region, with only minor discrepancies during the
transient test article insertion phase. In the high heating scenarios
(Figs. 10c and 10d), the Green’s function approach slightly under-
predicts the TPS surface temperature, to within 2%, up to halfway
through the steady test period (approximately at t � 60 s). In the
latter half of the steady test period, the FIAT_Opt-reconstructed
surface temperature is more dynamic and drops below that predicted
by the Green’s function approach, commensurate with the behavior
of qinc in Figs. 9c and 9d. While the difference in the reconstructed
surface temperature between the two approaches is small compared
to the overall temperature rise, the radiative emission from the hot

TPS surface scales as a function of ~T4
s . Thus, in scenarios with high

heating rates, small discrepancies in the reconstructed surface tem-
peratures become amplified in the calculation of qinc [Eq. (28)].

B. Mars 2020 Backshell Reconstruction

The Mars 2020 atmospheric entry spacecraft flew an extensive
set of TPS-embedded thermal instrumentation as part of the
MEDLI2 sensor suite [1]. Among these were two pairs of collo-
cated heat flux sensors and TC plugs located on the backshell
shoulder region: the MTB01/MTB07 TC plug/heat flux sensor
pair, embedded in the wind-side region of the backshell, and the
MTB02/MTB08 sensor pair, embedded in the lee-side region of
the backshell. Both sensor pairs are highlighted in Fig. 11. In the
region of the sensors, the nominal thickness of the TPS was 1.27
cm [36]. Within each TC plug, the shallowest TC was placed at a
nominal depth of 0.254 cm from the external TPS surface [4].
During atmospheric entry, measurements from the TC plugs and
heat flux sensors were sampled at a rate of 8 and 16 Hz, respec-
tively. For both the Green’s function approach and FIAT_Opt, all
measurements were downsampled to 4 Hz.

Fig. 8 Photographs of PTF test campaign 162 test articles before (left) and after (right) arc-jet exposure. a) Test 1. b) Test 2. c) Test 3. d) Test 4.
Adapted from [6].

Table 4 PTF test campaign 162 run parameters [34]

Tests
Target adiabatic-wall
heat flux, W∕cm2

Target cold-wall
heat flux, W∕cm2

Steady test
duration, s

1 and 2 4.3 5.4 63
3 and 4 8.6 9.7 25
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a) b)

c) d)

Steady Test Period Test Article 

Extraction

Tunnel 

Startup

Test 

Article 

Insertion

Fig. 9 Reconstructed net hot-wall (blue) and incident (orange) heating results for PTF test campaign 162. a) Test 1, b) Test 2, c) Test 3, and d) Test 4.
The shaded regions in c) and d) represent �15% facility calibration uncertainty margins [35].

b)a)

c) d)
Fig. 10 Reconstructed surface temperatures for PTF test campaign 162. a) Test 1, b) Test 2, c) Test 3, and d) Test 4.
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1. Nominal Flight Reconstruction

Reconstructed net hot-wall and incident heat flux profiles are shown

in Fig. 12 for both sensor pairs. Using the Green’s function approach,

the results converged in less than 8 s versus over 30 min using

FIAT_Opt [4]. Consistent with prior analysis, the MTB02/MTB08

sensor pair on the leeward side experienced the highest incident

heating conditions on the backshell, with a reconstructed peak heat

flux of 4.8 W∕cm2. For both sensor pairs, a bimodal peak region is

present in the reconstructed incident heat flux, suggesting the presence

of separate radiative and convective peak heating regimes.

The Green’s function approach predicts a similar net hot-wall

heat flux profile compared with FIAT_Opt, with peak values recov-

ered to within 0.1 W∕cm2 for both sensor pairs. At the peak incident

heating time, the Green’s function approach overpredicts the FIA-

T_Opt-generated incident heat flux by 0.3 and 0.1 W∕cm2 for the

MTB01/MTB07 and MTB02/MTB08 sensor pairs, respectively.
The higher estimated peak incident heating using the Green’s func-

tion approach is correlated with a higher reconstructed TPS surface

temperature versus FIAT_Opt. Reconstructed surface temperature

profiles using both approaches are shown in Fig. 13. For both sensor

pairs, the Green’s function approach overpredicts the surface tem-
perature near the peak heating time by 23 and 8 K for the MTB01/

MTB07 and MTB02/MTB08 sensor pairs, respectively. The ampli-

fication of the reconstructed surface temperature discrepancies in

the calculation of qinc can be explained in a similar fashion as in
Sec. IV.A; i.e., the radiative emission from the TPS surface scales

with ~T4
s , amplifying small errors in Ts in the calculation of qinc.

Nonetheless, these results demonstrate that the Green’s function-

based reconstruction algorithm can capture the relevant heat

conduction phenomena in atmospheric entry scenarios in close

agreement with the state-of-the-art IHT methods and, notably, can

compute such results in two orders of magnitude less time.

2. Uncertainty Quantification

In the postflight analysis of Mars 2020, Monte Carlo analyses
were used to determine the uncertainty of the reconstructed heat-

ing conditions. While Monte Carlo simulations are sufficient to

estimate the total reconstruction uncertainty, more detailed analy-

ses are required to decompose the individual contributions of

various input parameters to the total reconstruction uncertainty.
These analyses are critical to guide materials characterization

Fig. 11 Schematic of the Mars 2020 backshell (adapted from [1]).
Highlighted sensor labels indicate those used in this work.

b)a)
Fig. 13 Reconstructed surface temperatures from the Mars 2020 backshell. a) Results from the MTB01/MTB07 sensor pair. b) Results from the
MTB02/MTB08 sensor pair.

b)a)
Fig. 12 Reconstructed heat flux profiles from the Mars 2020 backshell. a) Results from the MTB01/MTB07 sensor pair. b) Results from the MTB02/
MTB08 sensor pair.
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efforts and reduce the margins of postflight-reconstructed atmos-
pheric entry environments in the most cost-effective manner.
Variance-based sensitivity analyses—such as the calculation of
first-order or total Sobol indices—are often used to quantify input
parameter uncertainty contributions [37]. As a metric, the total
Sobol index of an input parameter is defined as the remaining
model output variance when all other parameters are fixed, nor-
malized by the total model variance [38]. More generally, the total
Sobol index of a parameter can be considered as the fractional
contribution of the uncertainty of that parameter to the total model
output uncertainty. Due to the computational cost of such analy-
ses, however, calculating total Sobol indices organically using
FIAT_Opt simulations is not a practical endeavor. In prior work, a
machine learning-based approach was implemented to overcome
the computational burden by training a surrogate model to predict
the peak heat flux and heat load at each TC plug location [4].
While this technique enabled the calculation of total Sobol indices
with respect to the peak heat flux and heat load, the analyses did
not give any insight with respect to other periods or features
throughout the entry heat pulse.
Here, the Green’s function approach is used to calculate the

uncertainty of the reconstructed heating conditions, as well as total
Sobol indices for each input parameter, throughout the entire atmos-
pheric entry flight duration. Input parameter uncertainty distribu-
tions for the Mars 2020 flight lot backshell TPS and the embedded
temperature probe are tabulated in Table 5. Uncertainty distributions
in Table 5 are normalized by the mean value, unless otherwise noted,
and are representative of those used in prior MEDLI2 postflight
analyses [4]. For the TPS density, specific heat, and thermal con-
ductivity, variations in the respective virgin and char properties are
coupled using a single scaling distribution. For material properties
that are bounded, such as emissivity, a truncated normal distribution
was used to avoid nonphysical inputs.
Monte Carlo simulations (5000 samples) were used to compute

the overall uncertainty of the reconstructed heating conditions.
Resulting distributions of the reconstructed net hot-wall and inci-
dent heat flux for each sensor pair are shown in Fig. 14. In Fig. 14,
the overall solution distribution is represented as a mean solution
with a 95% confidence interval envelope (�1.96σ) for both the net
hot-wall (blue) and incident (orange) heat flux.

At the peak heating time, the 95% confidence interval for the

reconstructed incident heat flux spans 1.4 W∕cm2 for the MTB01/

MTB07 sensor pair (Fig. 14a) and 2.1 W∕cm2 for the MTB02/

MTB08 sensor pair (Fig. 14b), in good agreement with prior analy-

sis [4]. In both sensor pairs, the largest variation in both qHW and

qinc coincided with the respective peak heating times. The margins

of the reconstructed heating conditions due to input parameter

uncertainties are at least a factor of 5 greater than the discrepancies

in the nominal solutions using each method (Fig. 12).
Next, total Sobol indices for the reconstructed heating conditions

were calculated using the Monte Carlo estimator proposed in [39]:

ST;i �
1

2

Ns

j�1 �q�As�j − q�A�i�
B �j�2

Ns

j�1 �q�As�j − q0�2
(31)

In Eq. (31), ST;i is the total Sobol index for input parameter i, Ns

represents the number of samples per input parameter, q represents

the model output (either the net hot-wall or incident heat flux), and

q0 is the mean solution. The variables As and A�i�
B are sampling

matrices with dimensions of Ns × ks, where ks is the number of

input parameters. The matrix A�i�
B is constructed by replacing col-

umn i in matrix As with column i in matrix Bs, where Bs is an

independent sampling matrix with the same dimensions as As.

Thus, for Ns samples, Ns × �ks � 1� independent reconstructions

are required.
Total Sobol indices were calculated at each time step during the

entry heat pulse for the reconstructed net hot-wall and incident heat

flux for both sensor pairs using Ns � 5000 samples per input param-

eter in Table 5 (ks � 6). Convergence plots of the peak heating total

Sobol indices for the MTB02/MTB08 sensor pair are shown in

Fig. 15. For both qHW and qinc, total Sobol indices at the peak heating
time were fully converged after approximately Ns � 4000 samples.

Total Sobol indices for qHW are plotted in Figs. 16 and 17 for the

MTB01/MTB07 and MTB02/MTB08 sensor pairs, respectively.

Likewise, total Sobol indices for qinc are plotted in Figs. 18 and 19

for the MTB01/MTB07 and MTB02/MTB08 sensor pairs, respec-

tively. In each plot, labeled data points at the respective peak heating

times represent the total Sobol indices calculated using the machine

learning approach described in [4].
For each sensor pair, total Sobol indices for qHW (Figs. 16 and 17)

remained relatively constant until the peak heating region, with the

reconstruction uncertainty dominated by the uncertainty in specific

heat (ST;Cp
> 0.9). At the peak of qHW, total Sobol indices calcu-

lated using the current approach show good agreement with those

calculated using the prior machine learning approach for both sensor

pairs (solid circles in Figs. 16 and 17). Following the peak heating

region, total Sobol indices vary drastically. As the heat pulse sub-

sides, ST;k increases substantially, up to 0.95 at t � 94 s for both

Table 5 Input uncertainty scaling parameters from [4]. Both
uniform (U) and normal (N) distributions were used in this analysis

Parameter ρ Cp ϵv ϵc k xT

Distribution U N Na Na N N
2σ∕μ �0.018b 0.15 0.15 0.15 0.13 0.0076 cmc

aTruncated normal distribution.
bUpper/lower bounds.
cNot normalized by mean.

b)a)

Fig. 14 Results of the Monte Carlo simulations for the a) MTB01/MTB07 and b) MTB02/MTB08 sensor pairs. The solid line represents the mean
solution. The shaded envelope represents a 95% confidence interval.
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b)a)
Fig. 15 Convergence plots of the peak heating total Sobol indices for the a) net hot-wall heat flux and b) incident heat flux for the MTB02/MTB08
sensor pair.

Fig. 16 Total Sobol indices for the reconstructed net hot-wall heat flux for the MTB01/MTB07 sensor pair. Labeled data points represent the total
Sobol indices calculated in [4]. The solid black line is the nominal solution of qHW from Fig. 12a. Inset: Magnified region for the total Sobol indices at the

peak heating time.

Fig. 17 Total Sobol indices for the reconstructed net hot-wall heat flux for the MTB02/MTB08 sensor pair. Labeled data points represent the total
Sobol indices calculated in [4]. The solid black line is the nominal solution of qHW from Fig. 12b. Inset: Magnified region for the total Sobol indices at the
peak heating time.
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sensor pairs, and ST;Cp
falls sharply, remaining low well into the

cooling phase of the heat pulse.
The strong dependence of the net hot-wall heat flux uncertainty

on the uncertainty of specific heat can be explained by considering
how specific heat, or thermal mass (ρsCp), dominates the transient
response characteristics of the TPS thermal history near the
embedded temperature probe [Eq. (1)]. The effect of thermal mass
is to impart a delay into the temperature response when the TPS is
subject to transient surface heating conditions. Up to peak heating,
the heat flux boundary condition is increasing rapidly, such that any
variation in the delay introduced in the reconstruction relative to the
mean solution will induce the most significant variation in the model
output. The large subsequent increase in ST;k following the peak

heating region may be explained by considering heat soak within the
TPS. Due to the highly insulating properties of the Mars 2020
backshell TPS, the short entry heat pulse likely achieved a very
shallow thermal penetration depth, leading to significant thermal
energy storage near the surface in the form of a hot layer. After the

regime of maximum heating, the rate of heat dissipation from the
near-surface hot region into the inner TPS will occur proportional to
the thermal conductivity, leading to a larger propagation of thermal
conductivity uncertainty into the total output uncertainty. For both
sensor pairs, as the hot layer cools, the reconstruction uncertainty
becomes less sensitive to variations in thermal conductivity, leading
to a steady decay of ST;k with time.

For both sensor pairs, the uncertainty of qinc (Figs. 18 and 19) up
to peak heating is dominated by the uncertainty in specific heat,
albeit to a lesser extent than the reconstructed net hot-wall heat flux.
Generally, at the peak incident heat flux, ST;Cp

≈ 0.6 and ST;k ≈ 0.2,

both of which are in good agreement with results from the prior
machine learning approach. Other total Sobol indices at the peak
incident heating time are also in good agreement with the prior
approach, with the exception of ST;ϵv for the MTB02/MTB08 sensor

pair (Fig. 19). Immediately following the peak incident heating
region, ST;Cp

and ST;k drop rapidly, and ST;ϵv and ST;ϵc rise. For

the MTB01/MTB07 sensor pair, the virgin emissivity uncertainty

Fig. 18 Total Sobol indices for the reconstructed incident heat flux for the MTB01/MTB07 sensor pair. Labeled data points represent the total Sobol
indices calculated in [4]. The solid black line is the nominal solution of qinc from Fig. 12a. Inset: Magnified region for the total Sobol indices at the peak
heating time.

Fig. 19 Total Sobol indices for the reconstructed incident heat flux for the MTB02/MTB08 sensor pair. Labeled data points represent the total Sobol
indices calculated in [4]. The solid black line is the nominal solution of qinc from Fig. 12b. Inset: Magnified region for the total Sobol indices at the peak
heating time.
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begins to dominate the total output uncertainty, with ST;ϵv � 0.9 at

t � 100 s. For the MTB02/MTB08 sensor pair, the char emissivity
uncertainty begins to dominate the total output uncertainty, with
ST;ϵc � 0.5 at t � 100 s. Following their respective peaks, ST;ϵv and
ST;ϵc decay quickly, and ST;Cp

, ST;k, and ST;ρ increase.

The incident heating results (Figs. 18 and 19) show a similar trend
as the net hot-wall heating results (Figs. 16 and 17), where the
uncertainty in heat capacity is the main driver of the reconstruction
uncertainty up to peak heating. For qinc, the larger value of ST;k up to
peak heating is attributed to the effects of radiative emission at the
TPS surface: while the transient thermal response characteristics of
the TPS may be more strongly coupled with its thermal mass, the
magnitude of the temperature rise at the surface, which contributes

to radiative emission by ~T4
s, is more strongly dominated by its

thermal conductivity. Thus, the variation in qinc becomes sensitive
to the variation in the thermal conductivity. Following peak heating,
the corresponding spike in either ST;ϵv or ST;ϵc at t � 100 s (Figs. 18

and 19) is attributed to the estimated char state at the TPS surface:
due to the increased heating at the MTB02/MTB08 sensor pair
location, the surface of the MTB02 TC plug at t � 100 s is esti-
mated to be closer to a fully charred state, whereas the MTB01 TC
plug surface is estimated to be only slightly pyrolyzed, resulting in
different sensitivity to variation in virgin and char properties. After
t � 100 s, the increase of ST;ρ can be directly attributed to how

decomposition of the TPS is coupled with other model system input
parameters: during pyrolysis, all thermophysical properties change
as a function of the char volume fraction χ, which is itself purely a
function of the solid density ρs relative to the densities of the fully
virgin and charred states, ρv and ρc, respectively. Thus, if ρv and ρc
are varied, all effective thermophysical properties during decom-
position of the TPS become varied as a direct consequence, chang-
ing the output solution.
For the Mars 2020 backshell TPS, reductions in the uncertainty of

specific heat and thermal conductivity will yield the most effective
reduction in the reconstructed aeroheating uncertainty in the region
of peak heating. Further reductions in the uncertainty of the recon-
structed heating conditions following the region of peak heating can
be gained by reducing the uncertainty of emissivity and density.
These results highlight how the uncertainty margins attributed to
postflight aerothermal environment reconstructions are dynamically
sensitive to variations in the different input parameters throughout
the entry heat pulse. While the peak heating total Sobol indices
expose the input parameters that drive the uncertainty of the aero-
heating reconstruction within the region of highest heat flux and
largest reconstruction uncertainty, they are not necessarily appli-
cable to other regions that are also considered in the design and
sizing of TPS. This is a significant consideration when adapting
uncertainty quantification efforts to other missions, such as Dragon-
fly, which utilizes a similar TPS architecture to Mars 2020 but
features a prolonged convective cooling phase during atmospheric
entry [40].

V. Conclusions

A Green’s function-based inverse heat transfer algorithm demon-
strated accurate and efficient computation of the surface heating
conditions on spacecraft during atmospheric entry. The approach
leverages a novel multiparameter Cole–Hopf transformation to
render the governing heat conduction equation for porous, pyro-
lyzing solids compatible with the linear Green’s function formalism.
Owed to the inherent efficiency of the Green’s function approach,
the algorithm can recover the surface heating conditions on ablative
TPS in over two orders of magnitude less time versus current state-
of-the-art IHT methods, such as FIAT_Opt, all without significant
sacrifices in reconstruction accuracy. The capabilities of the
approach enabled a full-flight variance-based sensitivity analysis
of the reconstructed heating conditions on the Mars 2020 backshell
during atmospheric entry, highlighting, for the first time, how the
uncertainties of specific heat, thermal conductivity, and emissivity
of the Mars 2020 flight lot TPS were dominant drivers of the total

reconstruction uncertainty at different times during the entry
heat pulse.
These results showcase the capabilities of the Green’s function

approach for modeling the material response of ablative thermal
protection systems and establish Green’s function-based IHT meth-
ods as promising techniques for the postflight reconstruction and
analysis of atmospheric entry aeroheating. The analytical and
numerical techniques highlighted in this work are amenable to
modeling other nonlinear material response phenomena, such as
phase change, gas–surface interactions, and recession, and can be
coupled with other computational tools, such as FIAT, to increase
physical fidelity. Overall, access to more efficient reconstruction
techniques will help reduce sizing margins, improve material mod-
els, and guide TPS characterization efforts with a substantially
reduced cost.

Appendix A: Solid Decomposition

Decomposition of the TPS solid is modeled using the formulation
developed for the Charring Material Thermal Response and Abla-
tion (CMA) code [22], which is also implemented in FIAT [10]. The
density of the solid phase of the TPS is modeled as a multi-
component composite mixture:

ρs � �1 − ϕ��Γv�ρA � ρB� � �1 − Γv�ρC� (A1)

where ρA and ρB are the densities of the resin constituents, and ρC is
the density of the solid matrix. The quantity Γv defines the resin
volume fraction in the virgin composite material. The decomposi-
tion of component i is modeled using a modified Arrhenius rate
equation [10]:

dρi
dt

� − �Aiρ0;i exp −
EA;i

R ~T

ρi − ρr;i
ρ0;i

ψ i

(A2)

In Eq. (A2), �A is a pre-exponential factor, and ρ0 and ρr are the
initial density and residual density of component i, respectively. In
the exponential term, EA is the activation energy for the decom-
position of component i, and R is the universal gas constant. The
final bracketed term is raised to the power ψ i, specific to each
constituent. The parameters in Eq. (A2) are typically determined
empirically via thermogravimetric analysis [41].

Appendix B: Multiparameter Cole–Hopf
Transformation

While the form of the multiparameter Cole–Hopf transform in
Eq. (13) is general, the parameter β must be defined locally and for
each temperature time history separately. For tractability, the effec-
tive char mass fraction χm is used in place of the char volume
fraction χ in Eq. (13), defined as

χm � ρc
ρv − ρc

ρv
ρs

− 1 (B1)

The effective char mass and volume fraction are related via

χm � ρc
ρs

χ (B2)

Substituting Eq. (B2) into Eq. (13) and differentiating both sides
with respect to θ yields

A � �1� βχm�k� ~T; 0� � β
∂χm
∂T

T

0

�k0 � kT�T 0; 0�� dT 0 ∂T
∂θ
(B3)

In Eq. (B3), the term in curly braces is defined as �k, yielding
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�k
∂T
∂θ

� A (B4)

Therefore, the condition established by Eq. (11) is best satisfied
when β is defined such that

�k

k
≈ 1 (B5)

Substituting Eq. (12) into Eq. (B5) and rearranging gives

χmk� ~T; 0� �
∂χm
∂T

T

0

�k0 � kT�T 0; 0�� dT 0

k� ~T; χ� − k� ~T; 0� β ≈ 1 (B6)

The term in curly braces consists of quantities that can be estimated
from a single input temperature time series. As such, β is evaluated
via least squares to best approximate the linear system

Xββ � 1 (B7)

where Xβ is an Nt × 1 vector that represents the bracketed terms in

Eq. (B6). The time seriesXβ requires the local solution of T, ρs, and
∂χm∕∂T. For a given temperature time history, ∂χm∕∂T can be
calculated directly as follows: differentiating Eq. (B1) with respect
to T yields

∂χm
∂T

� −
ρc

ρv − ρc

ρv
ρ2s

∂ρs
∂T

(B8)

where, from Eqs. (A1) and (A2),

∂ρs
∂T

� �1 − ϕ� Γv

∂ρA
∂T

� ∂ρB
∂T

� �1 − Γv�
∂ρC
∂T

(B9)

and

∂
∂T

∂ρi
∂t

� − �Aiρ0;i exp −
EA;i

R ~T

ρi − ρr;i
ρ0;i

ψ i

×
EA;i

R ~T2
� ψ i

ρ0;i

ρi − ρr;i
ρ0;i

−1 ∂ρi
∂T

(B10)

Collecting the terms outside of the curly braces on the right-hand
side of Eq. (B10) as ∂ρi∕∂t and rearranging the differential terms on
the left-hand side gives

∂
∂t

∂ρi
∂T

� ∂ρi
∂t

EA;i

R ~T2
� ψ i

ρ0;i

ρi − ρr;i
ρ0;i

−1 ∂ρi
∂T

(B11)

Equation (B11) is solved forward in time to yield the time series of
∂ρs∕∂T and ∂χm∕∂T.
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